Morse Properties for the Minimum Time Function on 2–D Manifolds

Ugo Boscain

SISSA–ISAS Via Beirut 2-4 34014 Trieste, ITALY

Benedetto Piccoli

DIIMA, Universitá di Salerno, Via Ponte Don Melillo, 84084 Fisciano (SA), ITALY and SISSA–ISAS Via Beirut 2-4 34014 Trieste, ITALY

Abstract. Given a two dimensional smooth manifold M and two smooth vector fields X and Y on M, we want to steer a point p ∈ M to a point q ∈ M in minimum time using only integral curves of the two vector fields X, Y . Fixing p, we define the minimum time function T_p(q) to reach q. We prove that, generically, T_p(q) is a Morse function in topological sense giving a positive answer to a question of V.I. Arnold.

Keywords: Optimal control, Morse function, Minimum time.

1 Introduction

In this paper we consider the following geometrical problem. Given a smooth manifold M and two smooth vector fields X and Y on M, we want to steer a point p ∈ M to a point q ∈ M in minimum time using only integral curves of the two vector fields X and Y . Even if there exists such a trajectory going from p to q, it may happen that the infimum time is obtained only by a trajectory γ whose velocity γ̇(t) belongs to the segment joining X(γ(t)) and Y (γ(t)) (not being an endpoint of it). Thus we first convexify the set of velocities letting V (x) = {vX(x) + (1 − v)Y (x) : 0 ≤ v ≤ 1} be the set of admissible velocities at a generic point x of M. Fixing the point p and letting q vary on M, we define the function T_p(q) as the minimum time to reach the point q from p. We are interested in investigating the generic properties of the function T_p.

We treat the case in which M is two dimensional and the point p is an equilibrium point, that is 0 ∈ V (p). Even if the space of all admissible trajectories is infinite dimensional, it happens that the time optimal trajectories are indeed finite concatenations of X trajectories, Y trajectories and singular trajectories that correspond to a smooth vector field defined in terms of the Lie Bracket of X and Y . Moreover, the number of arcs is bounded on compact sets. It is known that a function defined as the minimum of a finite number of smooth functions in generic position is a Morse function in topological sense [1, 15]. We give a positive answer to the question of V.I. Arnold: is the function T_p generically a Morse function in topological sense? (see Theorem 1). This result is in the same spirit of [1, 15], being now the minimization taken over a finite dimensional family of functions.

In order to prove Theorem 1, we analyze the Minimum Time Fronts (briefly MTF) that are the level sets of the minimum time function T_p. The generic properties of these fronts are illustrated in Theorem 3 of Section 2. The time optimal trajectories satisfy a first order optimality condition, the well known Pontryagin Maximum Principle (briefly PMP, see [14, 20, 23]). The trajectories satisfying the PMP are called extremals and admit a lift in the cotangent bundle that is a trajectory of a non smooth Hamiltonian. One can define the extremal front in an obvious way. It is interesting to notice that the extremal front generically develops only standard singularities as one dimensional wave front, see [2, 3]. Moreover, these singularities correspond exactly to projection singularities, of the set of lifted trajectories, of cusp type. All generic projection singularities of extremals have been classified in [6].

The generic properties of the minimum time front on points reached by abnormal extremals (that are trajectories with vanishing Hamiltonian) are studied. By a local analysis, we show that at these points the minimum time front is always tangent to the abnormal extremals, see Theorem 4. This fact was remarked also in [5] and in [24] for a quadratic cost.

The set of points q that can be reached by a trajectory starting from p in time less than or equal to T > 0 is called the reachable set from p in time T . The topology of this set generically changes only at a discrete set of times when a special curve of points, called overlap curve and whose points are reached by two different optimal trajectories, either starts or ends. See Theorem 5.

Finally, we study the case in which M = R^2 and p is replaced by a smooth two dimensional manifold with boundary. In this case, under a local controllability assumption, we can also prove the semiconcavity of the minimum time function. This property is typically encountered in calculus of variation problems or optimal control problems with set of velocities V (x) of the same dimension of the state space, see [12] and references therein. (Notice that, under generic conditions, the semiconcavity fails when p is a point.)

The above geometrical problem can be restated as the minimum time problem for the control system with set of velocities V (x). Defining F =^{Y +X}_2 and G =^{Y −X}_2 this control system can be written in local coordinates as: ẋ = F (x) + uG(x), F (x_0) = 0, x ∈ M, |u| ≤ 1 (1) where F and G are C^∞ vector fields on M and now x_0 plays the role of p. The properties of optimal trajectories for the control system (1), have been extensively studied in a series of papers. In [21, 22], Sussmann analyzed the properties of extremal trajectories and via a finite dimensional reduction, obtained using the PMP, proved the existence of a regular optimal synthesis for analytic systems. Roughly speaking an optimal synthesis (see [4, 11, 19]) is a map associating to each point an optimal trajectory. It happens that the synthesis is generated by a feedback which is smooth on each stratum of a Whitney stratification of the manifold. In [8, 9, 17, 18] the existence of a structurally stable optimal synthesis for generic smooth systems was proved. Moreover, a complete classification of the corresponding (non smooth) flows and relative singularities were given, in the same spirit of the work of Peixoto [16] for two dimensional dynamical systems. Finally, in [6, 7], the set of extremals in the cotangent bundle was analyzed in details and the concept of extremal synthesis was introduced.

In the following we give the definition of topological Morse function and state our main result (Theorem 1). We call respectively reachable set within time T > 0 and reachable set the following sets:

R(T ) := {x ∈ M : there exists t ∈ [0, T ] and a trajectory γ : [0, t] → M of (1) such that γ(0) = x_0, γ(t) = x}. (2) R := {x ∈ M : there exists t ≥ 0 and a trajectory

γ : [0, t] → M of (1) such that γ(0) = x_0, γ(t) = x}.

Results about the structure of R for (1) can be found in [13], while here we are interested in the evolution of R(T ). The minimum time function T(.) : R → R^+ (now we drop the label x_0) is by definition:

T(x) := inf{t ≥ 0 : there exists a trajectory γ of (1) s.t. γ(0) = x_0, γ(t) = x}. (3)

In general T(.) is not C^1, but in our case, under generic hypotheses, it is C^∞ outside a rectifiable set of codimension 1. Let us introduce the following:

Definition 1 We say that a set Q ⊂ M is thin if Q = ∪^n_{i=1}M_i, with n ∈ N ∪ {∞}, {M_i}_i locally finite, M_i connected embedded smooth one dimensional manifold with boundary. We say that a function f : A ⊂ M → R, A open, is piecewise C^∞ if it is C^∞ except a thin set Q.

A smooth function is said Morse function if at critical points its Hessian is non singular. To treat the case of a piecewise C^∞ function, we introduce the following:

Definition 2 Let f : A ⊂ M → R be a piecewise C^∞ function and Q ⊂ A the corresponding thin set. We say that f is topologically a Morse function if, taking Q minimal, the following holds. On the set A\Q, f is a Morse function and for each x ∈ Q there exist a neighborhood I(x) of x and an homeomorphism ψ : I(x) → I(x) such that f · ψ : I(x) → R is a Morse function.

Thus a topologically Morse function is a function whose level sets are homeomorphic to one of the cases of the following figure:

Figure 1.1: Level sets of a topologically Morse function

Theorem 1 (Morse Property) Fix T > 0. Under generic conditions on F and G, on the interior of the set R(T ), the minimum time function T(.) is a piecewise C^∞ function and topologically a Morse function.

In Section 2 we recall some basic tools of [6, 7, 8, 17, 18]. In Section 3 we introduce the definition of optimal strip, similar to the one of strip used in [6], and we study the local properties of the MTF. In Section 4 we prove that the minimum time function is topologically a Morse function. Finally in Section 5 we discuss the case of a two-dimensional initial manifold on the plane.

2 Basic Definitions

Definition 3 We say that a vector field is C^∞ if its components admit partial derivatives of any order that are bounded on the whole manifold.

Let Ξ be the set of all couples of C^∞ vector fields (F, G) such that x_0 ∈ M is an equilibrium point for F , that is F (x_0) = 0. From now on we endow Ξ with the C^3 topology, that is the topology induced by the norm: ‖(F, G)‖ = sup { | | | ∂^{α1+α2} F_i(x) ∂x^{α1}_1 ∂x^{α2}_2 | | | | , | | | | ∂^{α1+α2} G_i(x) ∂x^{α1}_1 ∂x^{α2}_2 | | | | : x ∈ M; i = 1, 2; α_1, α_2 ∈ N ∪ {0}; α_1 + α_2 ≤ 3 } . We say that a subset of Ξ is generic if it contains an open and dense set. Analogously a property P is said generic if the set of points satisfying P is generic.

We fix once for all T > 0 and for every (F, G) ∈ Ξ we consider the problem of reaching every point of R(T ) in minimum time from x_0 for the control system (1).

Given a measurable function u : [a, b] → [−1, 1], a trajectory of (1) corresponding to u is an absolutely continuous map γ : [a, b] → M such that γ̇(t) = F (γ(t)) + u(t)G(γ(t)) for almost every t ∈ [a, b]. Since the system is autonomous we can always assume that Dom(γ) = [0, a] for some a ∈ R, where Dom denotes the domain. A trajectory γ : [0, a] → M is (time) optimal if for every trajectory γ^′ : [0, b] → M with γ(0) = γ^′(0) and γ(a) = γ^′(b) we have a ≤ b. A trajectory γ corresponding to a constant control ±1 is called a bang arc. A bang-bang trajectory is a finite concatenation of bang arcs and a time where the control changes sign is called switching time. In this special case, the well known Pontryagin Maximum Principle states the following. Define for every (x, p, u) ∈ T^∗M × [−1, 1], where T^∗M is the cotangent bundle of M, the following: H(x, p, u) =< p, F (x) > +u < p, G(x) > ∈ R, (4) and: H(x, p) = max{H(x, p, u) : u ∈ [−1, 1]}. (5)

Theorem 2 (PMP) If γ : [0, a] → M is a (time) optimal trajectory corresponding to a control u : [0, a] → [−1, 1], then there exist a non trivial field of covectors along γ, that is a function λ : t ∈ [0, a] → λ(t) ∈ T^∗_{γ(t)}M never vanishing, and a constant λ_0 ≤ 0 such that i) λ̇(t) = − < λ(t), (∇F + u(t)∇G)(γ(t)) >, ii) H(γ(t), λ(t), u(t)) + λ_0 = 0 for almost every t ∈ Dom(γ),

iii) H(γ(t), λ(t), u(t)) = H(γ(t), λ(t)) for almost every t ∈ Dom(γ).

Notice that the PMP provides a condition that is only necessary for optimality. Every pair (γ, λ) satisfying this condition is called extremal. Moreover if γ is optimal we say that the pair (γ, λ) is optimal.

Definition 4 If (γ, λ) is an extremal pair and the corresponding Hamiltonian satisfies H(γ(t), λ(t), u(t)) = 0 for almost every t ∈ Dom(γ) (i.e. if λ_0 in ii) above vanishes) then we say that (γ, λ) is an abnormal extremal.

Using the PMP, it is possible to show that the extremal trajectories have a special structure. Let us introduce some notation to explicit this fact.

Recall Y = F + G and X = F − G. Let γ : [t_1, t_2] → M be a trajectory of (1). If γ corresponds to constant control +1 (resp. -1) in [t_1, t_2] we say that γ|_{[t1,t2]} is a Y –trajectory (resp. X–trajectory) and we write γ|_{[t1,t2]} ∈ Traj(Y ) (resp. γ|_{[t1,t2 ]} ∈ Traj(X)). We say that γ|_{[t1,t2 ]} is a Z–trajectory and we write γ|_{[t1,t2]} ∈Traj(Z), if γ in [t_1, t_2] corresponds to the control (called singular): φ(x) = − < ∇Δ_B (x), F (x) > < ∇Δ_B (x), G(x) > , where:

Δ_B (x) = G(x) ∧ [F, G](x) = G_1(x)[F, G]_2(x) − G_2(x)[F, G]_1 (x),

and [F, G] is the Lie bracket of F and G. Moreover if γ_1 : [t_1, t_2] → M, γ_2 : [t_2, t_3] → M (t_1 < t_2 < t_3) are two trajectories of (1) with γ_1(t_2) = γ_2(t_2), we set (γ_2 ∗ γ_1)(t) := γ_1(t) if t ∈ [t_1, t_2[ and (γ_2 ∗ γ_1)(t) := γ_2(t) if t ∈ [t_2, t_3]. In [17] it was shown that under generic conditions (see (P1)–(P9) in [6]) each extremal trajectory γ can always be written in the form γ = γ_{n(γ)} ∗ ... ∗ γ_1 with n(γ) ∈ N where each arc γ_i is bang or singular (that is a Z–trajectory). The function n(γ) is called the number of arcs of γ. For later use we also define the function:

Δ_A(x) = F (x) ∧ G(x) = F_1(x)G_2(x) − F_2(x)G_1(x).

On the set of zeros of Δ_A, F and G are parallel. Moreover (see [7]) all the switchings of abnormal extremals occur exactly on this set.

Under generic hypotheses, (see [17]), an optimal trajectory γ ∈ Traj(Z) iff Supp(γ) ⊂ Δ^{−1}_B (0). In this case we say that Supp(γ) is a turnpike. Moreover every extremal trajectory exits x_0 with constant control +1 or −1. We call γ^± : [0, t^±_f ] → M the extremal trajectories originating from x_0 and corresponding to a constant control ±1, where t^±_f are either the last times in which γ^± are extremal or t^±_f = T . Notice that if t^±_{op} are the last times in which γ^± are optimal, we have t^±_{op} ≤ t^±_f . We define γ^±_{op} = γ^±|_{[0,t}±_{op]}.

Definition 5 Let (γ, λ) be an extremal pair. The corresponding switching function is defined as ϕ(t) :=< λ(t), G(γ(t)) >. We have the following:

Proposition 1 Let (γ, λ) be an extremal pair and let t_1, t_2 be two times such that (t_1 < t_2). Then:

• on [t_1, t_2], γ corresponds to constant control +1 (resp. -1) iff for each t ∈ [t_1, t_2] we have ϕ(t) ≥ 0 (resp.

ϕ(t) ≤ 0) and meas({t ∈ [t_1, t_2] : ϕ(t) = 0}) = 0;

• on [t_1, t_2], γ corresponds to the singular control φ iff for each t ∈ [t_1, t_2] we have ϕ(t) = 0.

Definition 6 A synthesis for the control system Σ ∈ Ξ is a family Γ = {γ_x : [0, b_x] → M, x ∈ R(T )} of trajectories satisfying the following conditions:

• for each x ∈ R(T ) one has γ_x(0) = x_0, γ_x(b_x) = x; • if y = γ_x(t), where t ∈ Dom(γ_x), then γ_y = γ_x|_{[0,t]}.

A synthesis for the system Σ is time optimal if, for each x ∈ R(T ) one has γ_x(T(x)) = x, i.e. b_x = T(x), where T(.) is the minimum time function defined in (3).

Under generic assumptions, the problem of reaching in minimum time every point of the reachable set for the system (1) admits a regular synthesis. Moreover there exists a stratification of R(T ) such that the optimal synthesis can be obtained from a feedback u(x) satisfying:

• on strata of dimension 2, we have u(x) = ±1, • on strata of dimension 1, called frame curves (in the following FCs), u(x) = ±1 or u(x) = φ(x).

The strata of dimension 0 are called frame points (in the following FPs). Every FP is an intersection of two FCs. A FP x that is the intersection of two frame curves F_1 and F_2 is called a (F_1, F_2) Frame Point. In [18] it is provided a complete classification of all types of FPs and FCs, under generic conditions. All the possible FCs are the following:

• FCs of kind Y (resp. X), that correspond to subsets of γ^+_{op} (resp. subsets of γ^−_{op}), • FCs of kind C, called switching curves, that are curves made of switching points, • FCs of kind S, i.e. turnpikes, • FCs of kind K, called overlaps, reached optimally by two trajectories coming from different directions. • FCs that are arcs of optimal trajectories that start at FPs. These trajectories “transport” special information. Here we need to distinguish three kind of these curves:

– curves of kind γ_A that are abnormal extremals, – curves of kind γ_k that are curves starting at the terminal point of an overlap (i.e. that start at the FPs of kind (Y, K)_3 (S, K)_2, (C, K)_1, see below) – curves of kind γ_0 that are the other arcs of optimal trajectories that start at FPs.

There are seventeen topological equivalence classes of FPs: (X, Y ), (Y, C)_{1,2,3}, (Y, S), (Y, K)_{1,2,3}, (C, C)_{1,2}, (C, S)_{1,2}, (C, K)_{1,2}, (S, K)_{1,2}, (K, K). The optimal synthesis near each Frame Point is showed in Figure 2.1.

Figure 2.1: the FPs of the Optimal Synthesis.

Definition 7 We define the following sets of bad points:

• bad_k := {x ∈ R(T ) : there exist two optimal trajectories γ_1, γ_2 : [0, T ] → M, T > 0 and ε > 0 such that γ_1(0) = γ_2(0) = x_0, γ_1(T ) = γ_2(T ) = x, γ_1(t) ≠ γ_2(t) for every t ∈ [T − ε, T [}.

• bad_γ := {x ∈ R(T ) : there exist two optimal trajectories γ_1, γ_2 : [0, T ] → M, T > 0, a ∈]0, T [ and 0 < ε < a such that γ_1(0) = γ_2(0) = x_0, γ_1(T ) = γ_2(T ) = x, γ_1(t) = γ_2(t) for t ∈ [a, T ] and γ_1(t) ≠ γ_2(t) for t ∈ [a − ε, a[}. • bad_{CV} := bad_k ∪ bad_γ . • bad_{CX} := Supp(γ^+_{op}) ∪ Supp(γ^−_{op}) \ (γ^+(t^+_f ) ∪ γ^−(t^−_f )) Remark. Of course bad_k is the set of all the overlap FCs and bad_γ is the set of γ_k’s. Moreover the set bad_{CX} is the optimal part of Supp(γ^±) if t^±_{op} < t^±_f , otherwise it is Supp(γ^±) without the terminal point. See the following figure:

The minimum time front in time 0 < T < T (in the following MTF) is the T –level surface of T(x): F_T = {x ∈ R(T ) : T(x) = T }. (6) We want to prove that, under generic conditions on (F, G) and for generic T , the corresponding MTF is a one dimensional piecewise C^1 compact manifold. More precisely the result is valid for every T such that the following conditions hold.

(C1) No FP of kind (Y, K)_2, (Y, K)_3 or (K, K) is on the front F_T , (C2) The front F_T is not tangent to bad_k.

Definition 8 Let x ∈ F_T . We define the Boltianskii contingent cone to the set R(T(x)) at x as: C^C (R(T(x)), x) = {v ∈ T_xM : ∃ ξ :] − ε, ε[→ R(T(x)) smooth s.t. ξ(0) = x, ξ̇(0) = v} and the normal cone as: C^N (R(T(x)), x) = {w ∈ T^∗_x M : < w, v >≤ 0, for all v ∈ C^C (R(T(x)), x)} Let x ∈ ∂R(T(x)). Notice that if ∂R(T(x)) is smooth at x then C^N (R(T(x)), x) = {α∇T(x) : α ≥ 0}.

When M = R^2 and ∂R(T(x)) has a corner at x, then if R is convex at x then C^N is a cone with nonempty interior and if R is concave then C^N = {0}. In the next session, we will prove the following: Theorem 3 (Smoothness Properties of F_T ) Under generic conditions on (F, G), for 0 < T < T satisfying conditions (C1) and (C2), F_T is a one–dimensional piecewise C^1 compact embedded submanifold of M. Moreover, x ∈ F_T is a point at which F_T is not C^1 iff: (case 1) x ∈ bad_{CV} or (case 2) x ∈ bad_{CX} ;

For every such x we have C^N (R(T ), x) = {0} (case 1) or Int(C^N (R(T ), x)) ≠ ∅ (case 2), i.e. if M = R^2 then R(T ) is concave at x if x ∈ bad_{CV} and convex if x ∈ bad_{CX} .

Theorem 4 (F_T on Abnormal Extremals) Fix 0 < T < T , let x̄ ∈ F_T and suppose x̄ /∈ bad_{CV} ∪ bad_{CX} . Let γ̄ be the unique optimal trajectory reaching x̄. Then, under generic conditions, F_T is tangent to Supp(γ̄) at x̄ iff γ̄ is an abnormal extremal.

Moreover, from the analysis of [9, 18], it easily follows:

Theorem 5 (Topological Properties of of R(T )) For every T , R(T ) is connected. Moreover, if bad_k is empty, R(T ) is simply connected. At the times T_0 when (C1) or (C2) fails, the topology of the reachable set changes. In the planar case, there exists n ∈ N such that for t in a left neighborhood of T_0 the reachable set R(t) is homeomorphic to a disc with n holes and for t in a right neighborhood of T_0, R(t) is homeomorphic to a disc with n + 1 holes or n − 1 holes. For a general manifold it may also happen that we add a handle.

Notice that if the first part of Theorem 5 applies, that is bad_k = ∅, then the minimum time function has no critical point except x_0 and thus the level sets are homeomorphic to circles. More precisely, outside Supp(γ^±_{op}) the level sets are diffeomorphic to circles. In this case, trivially one concludes that the minimum time function topologically is a Morse function.

3 Properties of the Minimum Time Front

To prove Theorems 3 and 4, we first study the smoothness properties of the MTF in a neighborhood of Supp(γ^+_{op}) ∪ Supp(γ^−_{op}). From now on, for simplicity, we consider the case M = R^2 and x_0 = 0. The conclusions are valid in the general case mutatis mutandis.

3.1 The Optimal Syntheses in a Neighborhood of γ^±_{op}

The shape of the optimal synthesis in a neighborhood of Supp(γ^+_{op}) ∪ Supp(γ^−_{op}) was described in details in [8]. Here we recall the results we need. Given an extremal trajectory γ, let us define v^γ (v_0, t_0; t) to be the solution to the Cauchy problem: { v̇^γ (v_0, t_0; t) = (∇F + u(t)∇G)(γ(t)) · v^γ (v_0, t_0; t) v^γ (v_0, t_0; t_0) = v_0, (7)

where u(.) is the control corresponding to γ. In [17], denoting v̄^γ (t) := v^γ (G(γ(t)), t; 0) it was defined the function θ^γ : Dom(γ) → [−π, π], θ^γ (t) := arg(v̄^γ(0), v̄^γ (t)), where arg is the angle measured counterclockwise. In the following we use the notation θ^±(t) := θ^{γ±} (t).

In [8, 17] it was shown:

Proposition 2 We have the following:

(A) t^+_f = { T if |θ^+(a) − θ^+(b)| < π ∀ a, b ∈ [0, T ]; min{t ∈ [0, T ] : |θ^+(a) − θ^+(b)| = π for some a, b ∈ [0, t]} otherwise;

(B) let γ be an extremal trajectory, then for almost every t ∈ Dom(γ) we have sgn(θ̇^γ (t)) = sgn(Δ_B (γ(t));

(C) let γ be an extremal trajectory, then for each t ∈ Dom(γ) the conditions Φ(t) = λ(t) · G(γ(t)) = 0, θ̇^γ (t) ≠ 0 imply that t is a switching time for γ.

Moreover the following times were single out in the interval [0, t^±_{op}]:

Definition 9

t^+_0 = t^{′+}_0 = 0 t^+_1 = inf{t > 0 : θ^+ has a local max. at t, θ^+(t) > 0} t^+_i = inf{t > t^+_{i−1} : θ^+ has a local max. at t, θ^+(t) > θ^+(t^+_{i−1})} t^{′+}_1 = inf{t > 0 : θ^+ has a local min. at t, θ^+(t) < 0} t^{′+}_i = inf{t > t^{′+}_{i−1} : θ^+ has a local min. at t, θ^+(t) < θ^+(t^+_{i−1})} s^+_i = { max{t ∈ [t^+_{i−1}, t^+_i ] : θ^+(t) = θ^+(t^+_{i−1})} if t^+_i is defined, max{t ∈ [t^+_{i−1}, t^+_{op}] : θ^+(t) = θ^+(t^+_{i−1})} otherwise

s^{′+}_i = { max{t ∈ [t^{′+}_{i−1}, t^{′+}_i ] : θ^+(t) = θ^+(t^{′+}_{i−1})} if t^{′+}_i is defined, max{t ∈ [t^{′+}_{i−1}, t^{′+}_{op} ] : θ^+(t) = θ^+(t^{′+}_{i−1})} otherwise.

Similarly the times t^−_i , t^{′−}_i , s^−_i , s^{′−}_i , were defined.

Figure 3.1: An example of function θ^+(t) in the case t^+_{op} = t^+_f < T .

Under generic conditions, the structure of the optimal synthesis in a neighborhood of Supp(γ^+_{op}) ∪ Supp(γ^−_{op}) is illustrated by the following Theorem that includes Propositions 3.1, 3.2, 3.3 of [8] (see [8] for the explicit statement of the generic conditions):

Theorem 6 Under generic conditions:

• if t^∗ lies in one of the open intervals ]s^+_i , t^+_i [ or ]s^{′+}_i , t^{′+}_i [ then there exists an extremal control of the form: u(t) = { 1 if t ∈ [0, t^∗[, −1 if t ∈ [t^∗, t^∗ + ε[, (8)

for some ε > 0. In the first case the trajectory bifurcates to the right of γ^+_{op} (clockwise), in the second case to the left (counterclockwise). On the other hand, no extremal control of the form (8) exists if t^∗ is not contained in any one of the closed intervals [s^+_i , t^+_i ] or [s^{′+}_i , t^{′+}_i ];

• to the right of each point γ^+_{op}(t^+_i ) (t^+_i > 0) and to the left of each point γ^+_{op}(t^{′+}_i ) (t^{′+}_i > 0) it originates either a turnpike, when the inner products ∇Δ_B · X and ∇Δ_B · Y have opposite signs, that is when the two vector fields X, Y points to opposite sides of the set of zeros of Δ_B , or a switching curve when the signs are equal;

• to the right of each point γ^+_{op}(s^+_i ) (i ≥ 2) and to the left of each point γ^+_{op}(s^{′+}_i ) (i ≥ 2) the extremal synthesis contains either a switching curve C or an overlap curve K;

• if s^+_1 > 0 (resp. s^{′+}_1 > 0) then to the right of γ^+_{op}(s^+_1 ) (resp. to the left of γ^+_{op}(s^{′+}_1 )) the extremal synthesis contains either a switching curve C or an overlap curve K.

• if t^+_{op} = t^+_f < T then a switching curve originates from γ^+_{op}(t^+_{op}). Such curve bifurcates to the left of γ^+_{op} when θ̇^+(t^+_{op}) > 0, and to the right of γ^+_{op} when θ̇^+(t^+_{op}) < 0;

• if t^+_{op} < t^+_f and t^+_{op} ∈]s^+_i , t^+_i [ or t^+_{op} ∈]s^{′+}_i , t^{′+}_i [, then an overlap curve originates from γ^+_{op}(t^+_{op}). Such curve bifurcates to the left of γ^+_{op} when θ̇^+(t^+_{op}) > 0, and to the right of γ^+_{op} when θ̇^+(t^+_{op}) < 0;

• if t^+_{op} < t^+_f and t^+_{op} /∈ ⋃ i([s^+_i , t^+_i ] ∪ [s^{′+}_i , t^{′+}_i ]), then two overlap curves bifurcate from γ^+_{op}(t^+_{op}).

A similar result holds for γ^−_{op} under similar generic assumptions.

Figure 3.2: An example of optimal synthesis corresponding to the function θ^+(t) of Figure 3.1.

3.2 Definition of Strips

Now we give the key definition of optimal strip. An optimal strip is essentially a one parameter continuous family of optimal trajectories formed by the same sequence of arcs.

Definition 10 Let a, b be two real numbers s.t. 0 ≤ a < b ≤ T , x ∈ R(T ) and f : [a, b] → R a function such that f(α) ≥ α. A set of trajectories S^{a,b,x,f} = {γ_α : [0, f(α)] → M, α ∈ [a, b], γ_a(a) = x} is called an optimal strip if:

i) ∀ α ∈ [a, b], γ_α : [0, f(α)] → M, is an optimal trajectory for the control problem (1). Moreover there exists ε > 0 such that γ_{[α,α+ε]} corresponds to a constant control ±1;

ii) ∀ α ∈]a, b[, γ_α does not switch on Δ^{−1}_A (0) ∪ Δ^{−1}_B (0) after time α;

iii) The set B^{a,b,x,f} = {y ∈ R : ∃ α ∈ ]a, b[ and t ∈]α, f(α)[ such that y = γ_α(t), t is a switching time for γ_α} is never tangent to X or Y .

iv) The map η : α ∈ [a, b] → γ_α(α) ∈ M is a bang or singular arc and for a ≤ α^′ ≤ α ≤ b, it holds γ_α(t) = γ_α′ (t) for t ∈ [0, α^′].

The function η is called the base of the optimal strip, moreover Int(S^{a,b,x,f} ) := {γ_α : α ∈]a, b[} is called an open optimal strip and ∂S^{a,b,x,f} := {γ_a, γ_b} is called optimal strip border. The concept of strip is clarified in the following picture:

The construction of the optimal synthesis, as in [8], can be done in the following way. One first constructs all optimal strips bifurcating from γ^±_{op}. Then one studies the evolution of each strip. It can happen that an optimal strip is divided into two strips when some trajectory of the strip enters a turnpike. This happens at Frame Points of kind (S, C)_1 and (S, K)_1 (moreover two strips with the turnpike as base start at these points). A strip can terminate on some K curve. Finally, a strip can glue together with another strip at Frame Points of kind (Y, K)_3, (C, K)_1 and (S, K)_2 (indeed the strip is divided into two parts one of which ends on the K curve and the other glues together with another strip).

Let {S^i_M }_{i∈I} be the set of all the maximal strips i.e. the strips with maximal base and maximal time f(α). Clearly we may split the synthesis Γ as: Γ = ⋃ i∈I S^i_M . This partition of the optimal synthesis can be realized with an algorithm entirely similar to the one of [6] and permits to study the evolution of the MTF and the properties of the minimum time function separately for the base, the borders, the internal of the strips and for the overlap curves. Notice that if S^{a,b,x,f} is a maximal strip then f(α) < T for some α ∈]a, b[ iff there exists an overlap curve K such that γ_α(f(α)) ∈ K. We can split the maximal strips in such a way that they satisfy the following:

v) either {γ_α(f(α)), α ∈ [a, b]} is a K curve or f(α) = T for every α ∈ [a, b].

Moreover notice that every FC of the optimal synthesis, that is not an overlap curve, is the support of a base or the support of a border of an optimal strip.

In subsection 3.3 we study the evolution of F_T in a neighborhood of x_0 = 0, while in subsection 3.4 in a neighborhood of γ^+_{op} ∪ γ^−_{op}. Then in subsection 3.5 we study the evolution of the MTF on the other bases of the strips (i.e the turnpikes), in subsection 3.6 on the internal of the strips, in subsection 3.7 on overlap curves and finally in subsection 3.8 on the borders.

3.3 F_T in a Neighborhood of the Origin

Choose a local system of coordinates such that: Y = ( 1 0 ) , X(x) = ( −1 + O(x_1, x_2) −b x_1 + b^′x_2 + O(|x|^2) ) , b < 0. (9) The expressions for γ^+_{op} and γ^−_{op} are:

γ^+_{op}(t) = ( t 0 ) , γ^−_{op}(t) = ( −t + O(t^2) 1 2 bt^2 + O(t^3) ) . (10)

Let us compute the MTF along γ^+_{op}, in the region where x_2 < 0. Consider a trajectory γ^α corresponding to constant control -1 on the interval [0, α[ and to constant control +1 on the interval [α, T ] where α belongs to the interval [0, T ]. Using the expressions (10) it follows that γ^α(T ) has coordinates x_1(α) = T − 2α + O(α^2), x_2(α) =^1_2 bα^2 + O(α^3), from which it follows the expression for the MTF:

x_2 = 1 8 b(x_1 − T )^2 + O(x^3_1). (11)

Let us compute the MTF along γ^+_{op}, in the region where x_2 > 0. A point with x_2 > 0 is reached at time T by a trajectory corresponding to constant control +1 in the interval [0, T − α[ and to constant control -1 in the interval [T − α, T ] where α belong to the interval [0, T ]. Consider now an optimal trajectory γ^−_η of (1), corresponding to constant control -1, and having initial condition γ^−_η (0) = (η, 0). We have:

γ^−_η (t) = ( η − t + O(t^2, tη) 1 2 bt^2 − bηt + O(t^3, η^2t, ηt^2) ) . (12)

Similarly to the previous case we obtain the expression for the MTF:

x_2 = 1 2 bT (x_1 − T ) + 3 8 b(x_1 − T )^2 + O((x_1 − T )^2).

In the same way we may compute the MTF along γ^−_{op}, moreover the MTF is clearly smooth on I(0)\Supp(γ^+_{op})∪ Supp(γ^−_{op}), where I(0) is a neighborhood of the origin. This results can be summarized in the following (see figure):

Proposition 3 For T > 0, sufficiently small, F_T is a 1–dimensional piecewise C^1 embedded compact submanifold of M. The only two points in which F_T is not C^1 are the points F_T ∩ Supp(γ^+_{op}) and F_T ∩ Supp(γ^−_{op}). Moreover if x is a such point we have Int(C^N (R(T ), x)) ≠ 0, that is R(T ) is convex at x.

3.4 F_T in a Neighborhood of γ^+_{op} ∪ γ^−_{op}

Let I(γ^±_{op}) be a neighborhood of Supp(γ^+_{op}) ∪ Supp(γ^−_{op}). In this subsection we study the smoothness properties of F_T ∩ I(γ^±_{op}). For this purpose we analyze F_T in a neighborhood of all the (Y, . ) FPs ordered by increasing time.

Analysis up to the first (Y S) or (Y C)_1 FP.

Assume t^{′+}_1 > 0 (being the case t^+_1 > 0 entirely similar) and suppose that at the point γ^+_{op}(t^{′+}_1 ) a turnpike starts. In this case it bifurcates on the left of γ^+_{op}. Choose a system of coordinates such that: Y = ( 1 0 ) , X(x) = ( a_0 + a_1(x_1 − t^{′+}_1 ) + a_2x_2 + O((x_1 − t^{′+}_1 )^2, x^2) b_0 + b_1(x_1 − t^{′+}_1 ) + b_2x_2 + O((x_1 − t^{′+}_1 )^2, x^2) ) , a_0 < 1, b_0 > 0. (13)

To have a (Y, S) point at (t^′_0, 0) the following conditions must hold: 1) (t^{′+}_1 , 0) ∈ Δ^{−1}_B (0) that implies: a_2 = a_1b_0 a_0 − 1 . Under this condition, the set Δ^{−1}_B (0) is locally described by the equation:

x_2 = m_s(x_1 − t^{′+}_1 ) + O((x_1 − t^{′+}_1 )^2) where m_s = a_1a_2 − a_1b_1 a^2 − a_1b_2 , and we assume the generic conditions a^2 − a_1b_2 ≠ 0, m_s ≠ 0. The case in which a^2 − a_1b_2 = 0 is the case in which the tangent to the turnpike is vertical.

2) X and Y point to opposite sides of Δ^{−1}_B (0) that implies arctan(b_0/a_0) > arctan(m_s) where we assume [0, π[ as range of the function arctan.

Let us compute the evolution of the MTF in a neighborhood I of (t^{′+}_1 , 0). We refer to the following figure:

We have to compute the front F_T in the region Ω_1 ⊂ I enclosed by γ^+_{op} (before time t^{′+}_1 ) and the trajectory γ_0 corresponding to constant control -1 starting from (t^{′+}_1 , 0), on the region Ω_2 enclosed by γ_0 and the turnpike, finally on the region Ω_3 between the turnpike and γ^+_{op} (after time t^{′+}_1 ). In Ω_1 using the expression of X(x) given by formula (13), we obtain for F_T the expression:

x_2 = b_0 a_0 − 1

(x_1 − T ) + O((x_1 − t^{′+}_1 )^2). (14)

To compute the locus F_T in Ω_2 and Ω_3 we need the explicit expression for the singular trajectory. The velocity of the singular trajectory at a point x ∈ S is the convex combination of X(x) and Y (x) corresponding to the direction of the turnpike. This guarantees the smoothness of the MTF on S (see Proposition 5) and gives us the expression for the singular trajectory γ^s (S = Supp(γ^s), γ^s(0) = γ^+_{op}(t^{′+}_1 )):

γ^s(t) = ( t^{′+}_1 + v_1t + O(t^2) v_2t + O(t^2) ) where:

v_1 = b_0 ( a_1 b_0^2 − (−1 + a_0)^2 b_2 ) a_1 b_0 ( −1 + 2 a_0 − a_0^2 + b_0^2 ) + (−1 + a_0)^2 ((−1 + a_0) b_1 − b_0 b_2)

(15)

v_2 =

(−1 + a_0) b_0 (a_1 b_0 + b_1 − a_0 b_1) a_1 b_0 ( −1 + 2 a_0 − a_0^2 + b_0^2 ) + (−1 + a_0)^2 ((−1 + a_0) b_1 − b_0 b_2)

. (16)

With similar arguments to the ones of the previous subsection we obtain the expression for F_T in Ω_2:

x_2 = v_2(T − t^{′+}_1 ) +

(x_1 − t^{′+}_1 ) − v_1(T − t^{′+}_1 ) (a_0 − v_1)

(b_0 − v_2) + O((x_1 − t^{′+}_1 )^2).

Using (15) and (16), we obtain exactly the expression (14). This means that F_T is C^1 at the intersection point with Supp(γ_0). Exactly the same result holds in the case when condition 2) fails that is when at (t^{′+}_1 , 0) a switching curve bifurcates from γ^+_{op}. In this case, we have to use directly the PMP, but we omit this proof because it is entirely similar to the proof of Proposition 6 below. The smoothness properties of F_T in a neighborhood of Supp(γ^+_{op}|_{]0,t}′+_{1 ]}) comes immediately from the shape of the synthesis in this region. All these results are summarized in the following:

Proposition 4 Suppose t^{′+}_1 > 0, fix y_0 ∈ Supp(γ^+_{op}|_{]0,t}′+_{1 ]}) and let t_0 be such that y_0 = γ^+_{op}(t_0). There exists a ball B with center in y_0 such that if ε > 0 satisfies γ^+_{op}(T ) ∈ B for every T ∈]t_0 − ε, t_0 + ε[, then F_T ∩ B is a one dimensional piecewise C^1 embedded submanifold of M. Moreover F_T is not C^1 only at the point x = F_T ∩ Supp(γ^+_{op}) and we have Int(C^N (R(T ), x)) ≠ 0, that is R(T ) is convex at x

Analysis up to the First (Y K)_1 or (Y C)_2 FP.

Assume s^+_1 > 0 (being the case s^{′+}_1 > 0 entirely similar). In this case an abnormal extremal γ_A bifurcates on the right of γ^+_{op}(s^+_1 ) and we can have two kind of FPs:

• (Y, K)_1 if an overlap curve starts at γ^+_{op}(s^+_1 ),

• (Y, C)_2 if a switching curve starts at γ^+_{op}(s^+_1 ).

The analysis of the first case is postponed to subsection 3.7. Let us consider the second case. Set x = (x_1, x_2), and choose a local system of coordinates in such a way: Y ≡ ( 1 0 ) X(x) = ( −1 + a_1x_1 + a_2x_2 + O(|x|^2) b_1x_1 + b_2x_2 + O(|x|^2) ) , where b_1 < 0, (17) X(x) = ( c_0 + c_1(x_1 − s^+_1 ) + c_2x_2 + O(|x − (s^+_1 , 0)|^2) d_1(x_1 − s^+_1 ) + d_2x_2 + O(|x − (s^+_1 , 0)|^2) ) , where c_0 ∈]0, 1[, d_1 < 0. (18)

The expression for X in formula (17) is useful in a neighborhood of (0, 0), while the expression (18) gives information in a neighborhood I of (s^+_1 , 0). The condition that at (s^+_1 , 0) a C curve starts is:

δ := c_0d_1 − b_1 ( 1 − c_0 2 )_2 < 0. (19)

Indeed, following [8], one can compute the expression of the curve D reached at the same time by trajectories leaving the origin with different controls. The above condition corresponds precisely to having that extremal trajectories reach the C curve before intersecting D. If the opposite happens D is an overlap curve of the optimal synthesis.

Let (γ̄, λ̄) be an extremal trajectory of (1) corresponding to constant control −1 on the interval [0, τ_1[ and to constant control +1 on the interval [τ_1, τ_2]. We have:

γ̄(τ_1) = ( −τ_1 + O(τ^2_1 ) −^1_2 b_1τ^2_1 + O(τ^3_1 ) ) , γ̄(τ_2) = ( −τ_1 + τ_2 + O(τ^2_1 ) −^1_2 b_1τ^2_1 + O(τ^3_1 ) ) . Now if τ_1, τ_2 are switching times for γ̄ we must have:

λ̄(τ_1) · G(γ̄(τ_1)) = 0, (20) λ̄(τ_2) · G(γ̄(τ_2)) = 0. (21)

Moreover, from equation i) of the PMP, we have λ̄(τ_1) = λ̄(τ_2) =: λ̄. Set λ̄ = (λ̄_1, λ̄_2) and normalize λ̄ in such a way that λ̄_2 = √ 1 − λ̄_1. Equations (20), (21) become:

f_1(λ_1, τ_1, τ_2) := λ̄_1(1 + a_1τ_1) + √ 1 − λ̄_1( 1 2 b_1τ_1) + O(τ^2_1 ) = 0,

f_2(λ_1, τ_1, τ_2) := λ̄_1( 1 2 (1 − c_0) − c_1(−τ_1 + τ_2 − s^+_1 )) + √ 1 − λ̄_1(− 1 2 d_1(−τ_1 + τ_2 − s^+_1 )) + O(τ^2_1 ) = 0.

These are two equations for the variable (λ̄_1, τ_1, τ_2) and (0, 0, s^+_1 ) is a solution. The 2 × 2 Jacobian matrix of partial derivatives of f_1 and f_2 with respect to (λ̄_1, τ_2) has determinant, at the point (0, 0, s^+_1 ), equal to −d_1/2. Under the generic assumption d_1 ≠ 0, we can solve the system in a neighborhood of (0, 0, s^+_1 ) expressing (λ̄_1, τ_2) as a function of τ_1. This yields: ∂τ_2 ∂τ_1 | | |_{(0,0,s+1 )} = −

(b_1(1 − c_0) − 2d_1) 2d_1

=: m, (22)

hence τ_2 = s^+_1 + mτ_1 + O(τ^2_1 ) and, under the generic condition m ≠ 1, the parametric expression for the switching curve starting at (s^+_1 , 0) is:

x_1(τ_1) = s^+_1 + (m − 1)τ_1 + O(τ^2_1 ),

x_2(τ_1) = − 1 2 b_1τ^2_1 + O(τ^3_1 ).

If m ≠ 0, we can use τ_2 as parameter so:

x_1(τ_2) = s^+_1 + m − 1 m (τ_2 − s^+_1 ) + O((τ_2 − s^+_1 )^2),

x_2(τ_2) = − b_1 2m^2

(τ_2 − s^+_1 )^2 + O((τ_2 − s^+_1 )^3).

Assuming the generic condition c_0 ≠ 1 and b_1 ≠ 0, we can express x_2 as a function of x_1:

x_2 = −

2d^2_1 b_1(1 − c_0)^2

(x_1 − s^+_1 )^2 + O((x_1 − s^+_1 )^3). (23)

Therefore the switching curve starting at the first switching time is tangent to Supp(γ). Now, the expression for the abnormal extremal γ_A can be obtained from (17):

γ_A(t) = ( x_1(t) x_2(t) ) = ( s^+_1 + c_0t + O(t^2) d_1(^1_2 c_0t^2) + O(t^3) ) . (24)

Thus we may describe Supp(γ_A) as:

x^{γA}_2 (x_1) = 1 2 d_1 c_0

(x_1 − s^+_1 )^2 + O((x_1 − s^+_1 )^3). (25)

Figure 3.3 Divide I in the four regions Ω_A, Ω_B , Ω_C , Ω_D delimited by γ^+_{op}, C and γ_A as in Figure 3.3. In the following we compute F_T (T = τ_1 + τ_2) in these regions and we check that on C and γ_A the tangents to F_T from both sides coincide.

In Ω_A the expression for F_T is obtained similarly to (11):

x^A_2 (x_1) = 1 8 b_1(x_1 − T )^2 + O(x^3_1). (26)

A point x^B ∈ Ω_B is reached by an optimal trajectory γ^B corresponding to constant control -1 in the interval [0, τ_1], to constant control +1 in the interval [τ_1, t̄] (where t̄ is the time in which this trajectory intersects the C curve) and to constant control -1 in the interval [t̄, T ].

Let us parameterize the curve C with τ_1. Using (23) we obtain the expression: { x_1(τ_1) = s^+_1 + h_1(τ_1) + O(τ^2_1 ) x_2(τ_1) = h_2(τ_1) + O(τ^3_1 ),

where h_1(τ_1) := b_1(1 − c_0)

2d_1 τ_1, h_2(τ_1) := 1 2 b_1τ^2_1 .

The expression for an optimal trajectory γ^h of (1) corresponding to constant control -1, and having initial condition γ^h(0) = (s^+_1 + h_1, h_2) ∈ I is:

γ^h(t) = ( x_1(t) = s^+_1 + h_1 + c_0t + O(t^2, h_1t, h_2t) x_2(t) = h_2 + d_1(^1_2 c_0t^2 + h_1t) + O(t^3, h_1t^2, h^2_1t, h_2t^2, h^2t) ) (27)

It follows that x^B ∈ F_T ∩ Ω_B has coordinates: { x^B_1 (τ_1) = s^+_1 + h_1(τ_1) + c_0β(τ_1) + O(τ^2_1 ) x^B_2 (τ_1) = h_2(τ_1) + d_1(^1_2 c_0β(τ_1)^2 + h_1(τ_1)β(τ_1)) + O(τ^3_1 ),

where β(τ_1) := T − t̄ = T − h_1(τ_1) − s^+_1 − 2τ_1. Hence the expression for F_T in Ω_B :

x^B_2 (x_1) = 1 2 c_0d_1(T − s^+_1 )^2 + d_1(T − s^+_1 )x^′_1 + d_1

(2 − c_0)b_1 + 4d_1 8δ x^{′2}_1 + O(x^{′3}_1 ) (28)

where x^′_1 := (x_1 − s^+_1 − c_0(T − s^+_1 )).

Finally, the front F_T ∩ Ω_C can be obtained by lengthy but straightforward computations:

x^C_2 (x_1) = d_1 x^′_1 1 − c_0

(T − s^+_1 − x^′_1 1 − c_0 ) + 1 2 c_0d_1(T − s^+_1 − x^′_1 1 − c_0

)^2 + O((T − s^+_1 − x^′_1 1 − c_0

)^3) = (29) = 1 2 c_0d_1(T − s^+_1 )^2 − d_1( 1 2 c_0 − 1)(T − s^+_1 ) x^′_1 1 − c_0

+ d_1( 1 2 c_0 − 1)( x^′_1 1 − c_0

)^2 + O(( x^′_1 1 − c_0

)^3).

Now it is easy to check the following:

• ẋ^A_2 (x̃_1) = ẋ^B_2 (x̃_1) where x̃_1 is the intersection of the two fronts with the C curve. This means that F_T is C^1 in x̃_1.

• ẋ^B_2 (x̄_1) = ẋ^C_2 (x̄_1) = ẋ^{γA}_2 (x̄_1) where x̄_1 is the intersection of the two fronts with Supp(γ_0). This means that F_T is C^1 in x̄_1 and it is tangent to γ_A in x̄_1.

Analysis of the other Frame Points.

The front F_T at the other singular points along γ^±_{op} can be analyzed by arguments completely similar to those used above. The only delicate points are γ^±_{op}(t^+_{op}). At these points we can have a (Y, K)_{2,3} or a (Y, C)_3 FP. The first two cases are analyzed in details in the proof of Theorem 1. In the case (Y, K)_3 that is the only case in which a γ_k trajectory generates from γ^±_{op}, it is easy to check that the MTF forms a concave corner on γ_k. The last case, can be studied as the interior of strips (see below). We obtain that F_T is always a piecewise C^1 manifold with corners only on γ^±_{op}. Notice that an abnormal extremal may bifurcates from a (Y, C)_3 points and in this case we can prove that the front is tangent to the abnormal extremal by arguments similar to those used above.

3.5 The MTF on Other Bases

The front F_T on the singular trajectories is described by the following:

Proposition 5 Suppose that there exists a point y^0 ∈ F_T ∩ S where S is a turnpike of the optimal synthesis. Then F_T is C^1 at y^0.

Proof. It is a consequence of the fact that the velocity of the singular trajectory at a point x ∈ S is the convex combination of X(x) and Y (x) corresponding to the direction of the turnpike. Indeed, fix y ∈ F_T , y = γ_s(T ) and for every ε small let x = γ_s(T − ε) where γ_s runs the turnpike. Notice that, generically, γ̇_s(T ) = λX(y) + (1 − λ)Y (y), for some 0 < λ < 1. Let γ^ε_X be the X–trajectory such that γ^ε_X (0) = x and define γ^ε_Y in the same way with X replaced by Y . We have:

γ^ε_X (ε) = x + X(y)ε + O(ε^2) ∈ F_T γ^ε_Y (ε) = x + Y (y)ε + O(ε^2) ∈ F_T .

Now the tangent from the left and from the right to F_T at y are computed using y − x = γ̇_s(T )ε + O(ε^2): by: d dε (γ^ε_X (ε) − y) = X(y) − γ̇_s(T ) = (1 − λ)(X − Y )(y) d dε (γ^ε_y (ε) − y) = Y (y) − γ̇_s(T ) = −λ(X − Y )(y), (30)

proving that F_T is C^1 at y.

3.6 The MTF on Open Strips

In this subsection we prove that the MTF restricted to an open strip is always C^1.

Observation 1 Notice that the C^1 property of the MTF can also be obtained reasoning on the position of the covectors with respect to the MTF. More precisely, each covector of the PMP has negative scalar product with all variational vectors corresponding to needle variations. From the structure of the optimal synthesis, it is clear that, fixed an optimal trajectory, the neighboring trajectories of the optimal synthesis can be obtained by needle variations. This implies that the MTF of a strip can not form angles in such a way that the reachable set is locally concave, otherwise this would contradict optimality. On the other side, after the first switching the covector is determined up to the multiplication by a positive constant, hence also angles of the MTF that render the reachable set locally convex are prohibited.

Fix an optimal strip S^{a,b,x,f} and let T ∈]a, sup{f(α), α ∈]a, b[}[. We define the strip-MTF (in the following s-MTF) to be the set: F^{a,b,x,f} T := {x ∈ F_T : x = γ_α(T ) for some γ_α ∈ S^{a,b,x,f} , α ∈]a, b[}. Proposition 6 Let S^{a,b,x,f} be an optimal strip, T ∈]a, sup{f(α), α ∈]a, b[}[ and F_T the corresponding s-MTF. Then F^{a,b,x,f} T is a one–dimensional C^1 embedded submanifold of M. Moreover if T ∈]a, inf{f(α), α ∈]a, b[}[ then F^{a,b,x,f} T is also connected.

The proof follows from the next two Lemmas. With the first we prove that the s-MTF is smooth when it intersects the “first” switching locus. With the second we prove that if the s-MTF is C^1 when it intersect a switching locus, then it is C^1 when it intersects the subsequent. By induction we reach the conclusion.

Lemma 1 Let Int(S^{a,b,x,f} ) be an open optimal strip. Fix α_0 ∈]a, b[ and suppose that T_0 ∈]α_0, f(α_0)[ is the first switching time of γ_{α0} after α_0. Then F^{a,b,x,f}_{T0} is C^1 in y^0 := γ_{α0} (T_0).

Proof. Suppose that γ_{α0} corresponds to constant control +1 in the interval ]α_0, T_0[. Choose a local system of coordinates in such a way that Y = (1, 0), γ_{α0} (α_0) = (0, 0) and the expression for the base of the strip is: η(t) = ( 0 t − α_0 ) , t ∈]a, b[.

In this system of coordinates we have y^0 = (T_0 − α_0, 0) and the expression of G on the base is (t ∈]a, b[):

G(η(t)) = 1 2 ( 1 −1 ) in the case in which the base is a X–trajectory, so X(0, t) = (0, 1) 1 1−φ(η(t)) ( 1 −1 ) in the case in which the base is a Z–trajectory so (F + φG)(0, t) = (0, 1).

(31)

Let λ_α be the covector associated to γ_α (α ∈]a, b[). From the condition λ_α(α) · G(γ_α(α)) = 0 we obtain:

λ_α(α) = ± ( 1 1 ) . The switching curve C passing from y^0 is determined by the equation:

λ_α(t) · G(γ_α(t)) = 0. (32)

Let t_α be the first switching time of γ_α after α, then λ̇_α(t) = 0 for t ∈ [α, t_α]. We get that condition (32) is equivalent to:

G_1(x) + G_2(x) = 0, (33)

where G_1(x) and G_2(x) are the two components of G. In terms of components of the vector field X, (33) can be written as:

X_1(x) + X_2(x) = 1. (34)

We suppose that at y^0, F^{a,b,x,f}_T and C are not tangent otherwise the conclusion follows easily. Assume that we are in the situation of the following figure (the other case being similar):

Figure 3.4

In a neighborhood of the point y^0 we may parameterize the C curve by a function: y(α) = ( T_0 − α_0 − a(α) α ) , (35)

where a(.) is a C^1 function defined in a neighborhood of α = 0 and satisfying a(0) = 0. At time T_0, a trajectory with α > 0 reaches the point:

z(α) := γ_α(T_0) = y(α) + (a(α) − α)X(y^0) + O(α^2). (36)

It follows

ż(0) = ( −ȧ(0) + (ȧ(0) − 1)X_1(y^0)

1 + (ȧ(0) − 1)X_2(y^0) ) . While in the region such that x_2 < 0 we have that the s–MTF has direction (−1, 1). The front F^{a,b,x,f}_T is C^1 in y^0 iff ż(0) is parallel to (−1, 1). This condition is satisfied since (34) holds.

Lemma 2 Let Int(S^{a,b,x,f} ) be an open optimal strip. Fix α_0 ∈]a, b[ and suppose that T_0, T_1 ∈]α_0, f(α_0)[ are two subsequent switching times of γ_{α0} after α_0. Suppose that F^{a,b,x,f}_{T0} is C^1 in y^0 := γ_{α0} (T_0). Then F^{a,b,x,f}_{T1} is C^1 in y^1 := γ_{α0} (T_1).

Proof. Suppose that γ_{α0} corresponds to constant control +1 in the interval ]T_0, T_1[. Set x = (x_1, x_2), choose a local system of coordinates in such a way Y = (1, 0), y_0 = γ_{α0} (T_0) = (0, 0), the expression for the switching curve C_0 passing from y^0 is:

C_0 = {x ∈ M : x_1 = 0, x_2 ∈]a^′, b^′[ a^′ < 0, b^′ > 0},

and X(0, x_2) = (β, β) (β ∈ R \ {0}) for x_2 ∈]a^′, b^′[.

In this system of coordinates we have y^1 = (T_1 − T_0, 0) and the expression of G on C_0 is:

G((0, x_2)) = 1 2 ( 1 − β −β ) for every x_2 ∈]a^′, b^′[. (37)

Using the same reasoning as to the proof of the previous Lemma, we have that the switching curve C_1 passing through y^1 is determined by the condition:

X_1(x) + 1 − β β X_2(x) = 1. (38)

Suppose that we are in the same situation of the proof of Lemma 1 (see figure 3.4). Let T (α) and τ(α) be the switching times of γ(α) on respectively switching curves C_1 and C_2. Define a(α) = (T_1 − T_0) − T (α) − τ(α) and notice that a(.) is C^1 with a(0) = 0. At time T_1 a trajectory with α > 0 reaches the point:

z(α) := γ_α(T_1) = y(α) + (a(α) − αṪ (0))X(y^1) + O(α^2), (39)

where: y(α) = ( T_1 − T_0 − a(α) α ) , (being a(.) a C^1 function defined in a neighborhood of α = 0 and satisfying a(0) = 0) and T (α) is the switching time of γ_α on the switching curve passing from y^0. It follows:

ż(0) = ( −ȧ(0) + (ȧ(0) − Ṫ (0))X_1(y^1) 1 + (ȧ(0) − Ṫ (0))X_2(y^1) ) . This vector must be parallel to the vector (−Ṫ (0), 1), i.e. the following conditions must hold:

(c1) Ṫ (0) =^{1−β}_β if Ṫ (0) ≠ 0,

(c2) β = 1 if Ṫ (0) = 0.

Imposing that F^{a,b,x,f}_{T0} is C^1 in y^0 := γ_{α0} (T_0), it is easy to check that (c1) and (c2) are verified.

3.7 F_T on Overlap Curves

The MTF along overlap curves is described by the following:

Proposition 7 Let y^0 = F_T ∩ K where K is some overlap curve of the optimal synthesis and suppose that condition (C2) (at the end of Section 2) holds. Then there exists a ball B centered at y^0 such that F_T ∩ B is not C^1 only at y^0. Moreover, generically, C^N (R(T ), y^0) = {0}, that is R(T ) is concave at y^0.

Proof. Choosing B sufficiently small, we have that y^0 is the only possible point in which F_T is not C^1, indeed (F_T ∩ B) \ {y^0} is contained in interiors of strips. By condition (C2), the two connected components of (F_T ∩ B) \ {y^0} cannot be tangent to K. Moreover the K curve is reached from the two sides by trajectories with constant control +1 and −1 respectively. By contradiction suppose that we have Int(C^N (R(T ), y^0)) ≠ ∅, that means that we have the situation of the following figure:

The point x̄ is reached by a trajectory γ^{−1} (corresponding to constant control -1) at time T , while it is reached at time T^′ < T by a trajectory γ^{+1} corresponding to constant control +1. This is due to the fact that γ^{+1} reaches x^′ at time T . This contradicts the optimality of γ^{−1}. The situation in which (F_T ∩ B) is C^1 in y^0 is not generic. Thus generically R(T ) is concave at y_0, hence C^N (R(T ), y^0) = {0}.

3.8 F_T on Borders

In this section we study the smoothness property of the MTF on strip borders. In the first and second subsections we analyze respectively the strip borders of kind γ_0 and γ_A. In the third subsection we analyze the strip borders of kind γ_k. Since at the two sides of a border of a strip the trajectories have the same control, we have to analyze only the FPs at which this border generates. The FPs of kind (Y, .) are already studied in subsection 3.4. Here we complete the analysis.

3.8.1 F_T on Strip Border of Kind γ_0

The strip borders of kind γ_0, that do not bifurcate from γ^±_{op}, are generated at the following FPs: (C, C)_1, (C, S)_{1,2}, (S, K)_1, and at (C, C)_2 if Δ_A ≠ 0 (see Figure 2.1). We analyze in details the case (C, S)_1 and (S, K)_1. The other cases can be treated by the same argument used in subsection 3.5

Assume to have a (C, S)_1 or a (S, K)_1 FP at y^1 := γ_0(t_1) and suppose the following:

• the previous switching time of γ_0 is t_0 < t_1;

• γ_0 corresponds to constant control +1 in the interval [t_0, t_1];

• y^0 := γ_0(t_0) belongs to a X FC (being similar the cases in which it belong to a switching curve or to a turnpike).

Set T_0 = t_1 − t_0. Choose a system of coordinates and shift the time in such a way that y^0 = γ_0(0) = 0, and: Y = ( 1 0 ) , X(0, x_2) = ( 0 1 )

X(x) = ( a_0 + a_1(x_1 − T_0) + a_2x_2 + O((x_1 − T_0)^2, x^2) b_0 + b_1(x_1 − T_0) + b_2x_2 + O((x_1 − T_0)^2, x^2) ) , a_0 < 1, b_0 > 0.

Figure 3.5

To have a (C, S)_1 or a (S, K)_1 FP at y^1 the following condition must hold (cfr. subsection 3.4):

a_2 = a_1b_0 a_0 − 1

. (40)

Exactly as in subsection (3.4), we obtain the equation of the singular trajectory starting from y_1 at time 0:

γ^s(t) = ( T_0 + v_1t + O(t^2) v_2t + O(t^2) ) , where v_1 and v_2 are given by formulas (15) and (16). Let I be a neighborhood of y^1 and let us compute the MTF in the region Ω_1 enclosed by γ_0 (after T_0) and S (see figure 3.5). Consider a trajectory corresponding to constant control +1 in [0, T_0[, to the singular control φ(γ^s(t − T_0)) on [T_0, T_0 + α[ and to constant control +1 on [T_0 + α, T ]. At time T this trajectory reaches the point:

z(α) = (T_0, 0) + αγ̇^s(0) + (T − T_0 − α) ( 1 0 ) + O(α^2) ∈ Ω_1.

It follows:

ż(0) = γ̇^s(0) − ( 1 0 ) . The MTF is C^1 at γ_0(T ) iff ż(0) is parallel to (1, −1), so we have to check the condition:

v^1 + v^2 = 1. (41)

Let λ(.) be the covector associated to γ_0(.). From the following equations:

λ(0) · G(γ_0(0)) = 0, λ̇(t) = 0 ∀ t ∈ [0, T_0], λ(T_0) · G(γ_0(T_0)) = 0, λ(T_0) · [F, G](γ_0(T_0)) = 0,

we obtain:

a_0 + b_0 = 1, a_1 + b_1 = 0. (42)

Using (42) and (40) one checks immediately that condition (41) is verified.

3.8.2 F_T on Strip Border of Kind γ_A and Proof of Theorem 4 After the first switching, the only FP involving an abnormal extremal is the point (C, C)_2 where Δ_A vanishes. In the following we prove that if t_n, t_{n+1} are two consequent switching times for an abnormal extremal γ_A, and the switching curve passing through t_n is tangent to γ_A then the switching curve passing through t_{n+1} is tangent to γ_A as well. From this fact, with an analysis completely similar to that of subsection 3.6, it follows that the MTF is C^1 on γ_A and it is always tangent to Supp(γ_A). This proves Theorem 4.

Let us consider only the case in which γ_A corresponds to constant control +1 on [t_n, t_{n+1}], the opposite case being similar. Choose a local system of coordinates and rescale the time in such a way that:

t_n = 0, γ_A(t_n) = 0, Y ≡ ( 1 0 ) X(x) = ( e_0 + e_1x_1 + e_2x_2 + O(|x|^2) f_1x_1 + f_2x_2 + O(|x|^2) ) , X(x) = ( g_0 + g_1(x_1 − t_{n+1}) + g_2x_2 + O(|x − (t_{n+1}, 0)|^2) h_1(x_1 − t_{n+1}) + h_2x_2 + O(|x − (t_{n+1}, 0)|^2) ) . We can parameterize the switching curve C_n through γ_A(t_n) in the following way. Given x ∈ C_n there exists (γ_x, λ_x) extremal that switches at x at time τ_n(x). By induction, we can assume that τ_n is invertible for x near γ(t_n) and parameterize C_n by τ_n:

x_1(τ_n) = α_nτ_n + O(τ^2_n ), x_2(τ_n) = β_nτ^2_n + O(τ^3_n),

for some α_n, β_n that by genericity we may assume different from zero.

Let (γ̃, λ̃) := (γ̃, λ̃)_{τn} be the extremal trajectory of (1) switching at τ_n on C_n and let τ_{n+1} be the next switching time. We have:

γ̃(τ_n) = ( α_nτ_n + O(τ^2_n ) β_nτ^2_n + O(τ^3_n) ) , γ̃(τ_{n+1}) = ( α_nτ_n + τ_{n+1} + O(τ^2_n ) β_nτ^2_n + O(τ^3_n ) ) . and:

λ̃(τ_n) · G(γ̃(τ_n)) = 0, (43) λ̃(τ_{n+1}) · G(γ̃(τ_{n+1})) = 0. (44)

With computations entirely similar to the those of subsection 3.8.1 and using similar generic conditions we conclude that the switching curve passing through γ(t_{n+1}) has the expression:

x_1(τ_{n+1}) = t_{n+1} + α_{n+1}(τ_{n+1} − t_{n+1}) + O((τ_{n+1} − t_{n+1})^2), x_2(τ_{n+1}) = β_{n+1}(τ_{n+1} − t_{n+1})^2 + O((τ_{n+1} − t_{n+1})^3),

for some α_{n+1}, β_{n+1} ≠ 0. This concludes the proof.

3.8.3 F_T on Strip Border of Kind γ_k

The strip borders of kind γ_k, that do not bifurcate from γ^±_{op}, are generated at the following FPs: (C, K)_1, (S, K)_2. Again it is easy to check that the MTF forms a corner on γ_k. Moreover, for every x ∈ γ_k, one has C^N (R(T(x)), x) = {0} i.e. the reachable set is locally concave at x. For example in the (C, K)_1 case, using again the PMP, one checks that the front is not deflected when passing through the C curve. Since the front forms a concave angle on K, the same happens on γ_k.

3.9 Proof of Theorem 3

The front at points in the interior of a strip or a strip border has been analyzed in the previous sections.

Assume that x is a Frame Point and (C1) holds, so x is not of kind (Y, K)_{2,3} or (K, K). The cases (Y, X), (Y, C)_{1,2,3}, (Y, S) and (Y, K)_1 have been treated in subsection 3.3. The cases (C, C)_1, (C, S)_{1,2}, (S, K)_1 and (C, C)_2 with Δ_A ≠ 0, were analyzed in subsection 3.8.1. The case (C, C)_2 with Δ_A = 0 is in subsection 3.8.2. Finally, the cases (C, K)_1 and (S, K)_2 are in subsection 3.8.3. The remaining case (C, K)_2 is easily treated by using Proposition 6 and 7.

Finally, if x is on a frame curve of kind K, that is where a strip may end, and the condition (C2) holds then we can apply Proposition 7.

This concludes the proof of Theorem 3.

3.10 The Extremal Front

If we consider all extremal trajectories, including the not optimal ones, we can define the extremal front F^e_T as the set of points that are reached by an extremal trajectory at time T . Obviously we have F_T ⊂ F^e_T . Our aim is to study the singularities developed by F^e as a one dimensional wave front.

It is well known that for one dimensional wave fronts there is only a generic kind of singularity called standard singularity, see [2, 3]. We want prove that at Frame Points of the optimal synthesis the wave front F^e develops only standard singularities.

We describe the situation only at the Frame Point y^0 = γ^+_{op}(s^+_1 ) that is of kind (Y, K)_1 being the other cases (C, K)_2 and (S, K)_1 similar. The extremal synthesis, that is the collection of all extremals in the cotangent bundle (see [6] for details), at (Y, K)_1 has a cusp projection singularity. The borders of the cusp are the X trajectory from y^0 (that is a γ_0 Frame Curve for the extremal synthesis) and a curve of kind C̄, that is a curve of switching points reached by not optimal extremal trajectories that reflect “back” after the switching.

Let x = (x_1, x_2) and choose a system of coordinates in such a way (17) and (18) hold (but with the condition c_0 ∈]0, 1[ replaced by c_0 < 1). The fact that at (s^+_1 , 0) a K curve starts implies (see the analysis of the point (Y, C)_2 and formula (19)):

δ := c_0d_1 − b_1 ( 1 − c_0 2 )_2 > 0. (45)

For time t < T(y^0), near T(y^0), F^e_t = F_t and the front F^e_t is a one dimensional piecewise smooth manifold. For time t > T(y^0), near T(y^0), the front F^e_t is formed by three branches:

• the first corresponds to trajectories that bifurcate from γ^+ after x_0. Its expression as a function of x_1 is an arc of the function x^A_2 (x_1) defined in (26);

• the second corresponds to trajectories that switched on the C̄ curve. Its expression as a function of x_1 is an arc of the function x^B_2 (x_1) defined in (28);

• the third corresponds to Y trajectories that did not yet reach the curve C̄. Its expression as a function of x_1 is an arc of the function x^C_2 (x_1) defined in (29).

Let α^A, α^B , α^C be the coefficient of x^2_1 in the expression of x^A_2 , x^B_2 , x^C_2 respectively. With our choice of parameters (i.e. b_1, d_1 < 0, c_0 < 1, δ > 0), one can check that α^A < 0, α^B > α^C > 0. Moreover x^A(x_1), x^B (x_1) have a first order tangency at the point: x^{AB} = (c_0 − 1)b_1t + 4d_1s^+_1 (c_0 − 1)b_1 + 4d_1 , while x^B (x_1) and x^C (x_1) have a first order tangency between them and with the trajectory exiting y^0 with constant control −1 at the point

x^{BC} = s^+_1 + c_0(t − s^+_1 ).

We have x^{AB} > x^{BC} thus the front F^e develops a standard singularity.

Notice that all standard singularities of F^e are developed at Frame Points (namely (Y, K)_1, (C, K)_2, and (S, K)_1) corresponding to cusp projection singularities of the extremal synthesis (see [6]). Figure 3.6 shows the extremal synthesis and F^e_t near the point (Y, K)_1, in the two cases in which c_0 > 0 and c_0 < 0. The case c_0 = 0 is not generic.

Figure 3.6: The extremal synthesis and the MTF in a neighborhood of the first FP of kind (Y, K)_1

4 Proof of Theorem 1

We are going to prove Theorem 1 analyzing the MTF first at points inside a strip, then at points on Frame Curves and finally at Frame Points.

If x is a point inside a strip, not on a C curve, the wave fronts are locally smooth one dimensional manifolds. Moreover, the optimal synthesis is locally a flow box of one of the vector fields X and Y . It easily follows that the minimum time function T is smooth and x is not a critical point (see Figure 1.1), since T increases in the direction of X or Y .

Assume now that x belongs to a Frame Curve (but is not a Frame Point). If the Frame Curve is of kind X, Y , γ_0 or S then the front is a piecewise C^1 manifold and the minimum time is increasing along the Frame Curve, hence the function T is locally topologically equivalent to a nonzero linear function and x is not a critical point. Notice that indeed the front is C^1 in case of γ_0 and S curves. If the Frame Curve is of kind C then the front is C^1 and there is an increasing direction (indeed two directions X and Y ) so T is C^1 and topologically equivalent to a nonzero linear function and x is not a critical point. We are left with the cases of K and γ_k Frame Curves. Given a Frame Curve D of K type, there exist two Frame Curves D_1 and D_2 such that the curve D is determined by the solution of the following system, see [8]: { (exp tX) α_1(s) = (exp t^′Y ) α_2(s^′) s + t = s^′ + t^′ ,

where (exp tV )x̄ indicates the integral trajectory at time t of the vector field V starting from x̄ and α_1 and α_2 are two smooth parameterizations of the curves D_1 and D_2 respectively. It is clear that under generic assumptions on X and Y , hence on F and G, the above system determines a smooth curve D such that the minimum time function T restricted to D is a Morse function. We have now three cases:

a) x is not critical for T on D,

b) x is a maximum for T on D,

c) x is a minimum for T on D.

In case a), we are in the situation of Proposition 7, the MTFs near x are piecewise C^1 manifolds. The function T is increasing (or decreasing) in the direction tangent to K and is topologically equivalent to a nonzero linear function. Therefore x is not a critical point.

Assume case b) holds, then x is not a Frame Point and condition (C2) is violated. Since T is increasing along the two strips ending at K, x is a maximum for T. The MTF through x reduces to a point and is homeomorphic to a circle for points in a neighborhood of x. Therefore T is topologically equivalent to f(x_1, x_2) = −x^2_1 − x^2 at the origin, that is x is topologically a maximum.

If c) holds, then either x is a Frame Point or x is not a Frame Point and condition (C2) does not hold. Assume the latter occurs. Again, T is increasing along the two strips ending at K. The MTF at x is formed by two tangent parabolas through x, for points in a neighborhood is formed by two branches that are smooth if they do not intersect the K curve. Therefore T is topologically equivalent to f(x_1, x_2) = x^2_1 − x^2 at the origin, that is x is topologically a regular saddle.

If the Frame Curve is of kind γ_k then we are in case a) above, indeed T is increasing along γ_k, and we conclude in the same way.

We are left with the case of x Frame Point. The points along γ^± have been analyzed above and the minimum time function T is topologically equivalent to a linear function at those points. The same happens for the Frame Points of kind (C, C)_{1,2}, (C, S)_{1,2}, (C, K)_{1,2}, (S, K)_{1,2}. It remains to analyze the cases (Y, K)_{2,3} and (K, K).

Assume x is a (Y, K)_2 Frame Point x = γ^+(T(x)) (being the case of γ^− entirely similar). For ε > 0 sufficiently small, there are two strips S^{1,2} containing γ^+|[T(x) − ε, T(x)] and one strip S^3 reaching x from the other side. We indicate by R_+ the reachable set corresponding to trajectories of S^{1,2} and R_∗ that corresponding to trajectories of S^3. Generically, we have that Int(C^N (R_+(T(x)), x)) ≠ ∅ and C^N (R_∗(T(x)), x) is a half line. Hence x is the first point reached on the overlap curve K and is a minimum for T restricted to K. The front FT_{(x)} is formed by a smooth branch on the strip S^3 and by a piecewise C^1 branch with an angle at x on the strips S^{1,2}. For times t < T(x), near T(x), the front F_t it consists of one smooth branch on S^3 and one piecewise smooth on S^{1,2}, while for t > T(x), near T(x), consists of two piecewise smooth branches crossing K on opposite sides of x. We conclude that x is topologically a regular saddle for T.

The analysis of the point (Y, K)_3 can be done in a similar way. Notice that x is an endpoint of K and one easily checks that x is a minimum for T restricted to K. However, now there are four strips intersecting at x. Two of them ends at K coming from different directions, while the other two have the γ_k curve through x as border with γ^+ being the base of one of the two. Again, we conclude that x is topologically a regular saddle for T.

Assume x is of kind (K, K). If x is reached by a γ_0 Frame Curve then the fronts on each side of K are C^1 and generically we are in case a) above, where D now is the union of the two K curves, and T is equivalent to a nonzero linear function.

If x is reached by a γ_k Frame Curve, then the corresponding front has an angle on γ_k and the reachable set is locally concave, see Section 3.8.3. The function T has a maximum at x and x is topologically a maximum.

Thus, on R(T ), T is topologically a Morse function with the set Q being the collection of all Frame Curves of Int(R(T )).

5 Semiconcavity for a two dimensional target on the plane

The aim of this section is to prove semiconcavity of the minimum time function for planar systems with a two dimensional manifold with boundary, instead of a point, as starting set.

Definition 11 A function f : A → R, A ⊂ R^2 open, is said to be semiconcave if for every compact convex K ⊂ A, there exists c_K > 0 such that f(x) − c_K |x|^2 is concave on K.

If we fix a two dimensional manifold N with boundary as starting set then, from the transversality condition of Pontryagin Maximum Principle, the covectors of extremal trajectories at initial time must belong to the normal space to ∂N. Moreover we assume the following local controllability property:

(LC) For every x ∈ ∂N there exists a control u ∈ [−1, 1] such that F (x) + uG(x) points inside N.

Theorem 7 Let N be a smooth two dimensional manifold with boundary and assume that (LC) holds. Then the minimum time function T_N , with initial set N, is semiconcave.

Proof. The assumption (LC) ensures that the minimum time function T_N is Lipschitz continuous. The structure of extremal trajectories and singularities of extremal synthesis have been described in [10]. The main difference for the optimal synthesis is that now there are no more the γ^± trajectories and the relative Frame Points. In an entirely similar manner as above, one can prove that generically the minimum time function is topologically a Morse function and the Minimum Time Front has the same properties as before.

Obviously a smooth function is semiconcave, hence we have only to consider Frame Curves and Frame Points. It is easy to check that points, at which T_N is topologically equivalent to a linear function, satisfy the assumptions of semiconcavity. The same happens for maxima.

Thus we have only to check minima and saddles. The only minimum of the starting point case is the starting point itself and now it is replaced by ∂N; there is no other minimum. Moreover, from the previous analysis we know that the possible saddle points are internal points of overlap curves K or Frame Points of kind (Y, K)_{2,3}. In the first case the function T_N is smooth along K and again we retrieve semiconcavity, while the second case does not happen (there are no γ^± curves now).

References

[1] A. A. Agrachev, D. Pallaschke, S. Scholtes, “On Morse theory for piecewise smooth functions”, J. Dynam.

Control Systems, Vol 3 no. 4 (1997), pp. 449–469.

[2] V.I. Arnold, “Catastrophe theory”, Springer-Verlag, 1992.

[3] V.I. Arnold, S.M. Gusein-Zade, A.N. Varchenko, “Singularities of differentiable maps”, Birkhauser (1985), 2v. [4] V. Boltianski, “Sufficient Condition for Optimality and the Justification of the Dynamic Programming Principle”, SIAM J. Control and Optimization, Vol.4, (1966), pp. 326-361.

[5] B. Bonnard, I. Kupka, “Thorie des singularites de l’application entree/sortie et optimalite des singulieres dans le probleme du temps minimal”, Forum Mathematicum Vol.5 (1993), pp. 111-159.

[6] U. Boscain and B. Piccoli, “ Extremal syntheses for generic planar systems”, Journal of Dynamical and Control Systems, Vol.7 (2001) N.2, pp. 209–258.

[7] U. Boscain and B. Piccoli, “On Automaton Recognizability of Abnormal Extremals”, submitted.

[8] A. Bressan and B. Piccoli, “Structural Stability for Time–Optimal Planar Syntheses”, Dynamics of Continuous, Discrete and Impulsive Systems, Vol.3 (1997), pp. 335-371.

[9] A. Bressan and B. Piccoli, “A Generic Classification of Time Optimal Planar Stabilizing Feedbacks”, SIAM J. Control and Optimization, Vol.36 No.1 (January 1998), pp. 12-32.

[10] A. Bressan, B. Piccoli, “A Generic Classification of Time Optimal Planar Stabilizing Feedbacks ”, Proceeding of the 36th IEEE Conference on Decision and Control, San Diego, California, USA, December 10–12 (1997), pp. 1397-1402.

[11] P. Brunovsky, “Existence of Regular Syntheses for General Problems,” J. Diff. Equations 38 (1980), pp.

317-343.

[12] P. Cannarsa, A. Mennucci, C. Sinestrari, “Regularity Results for Solutions of a Class of Hamilton Jacobi equations,” Archive for Rational Mechanics and Analysis, 140 (1997) pp. 197-223.

[13] A.A. Davydov, “Qualitative Theory of Control Systems”, Translations of Mathematical Monographs, American Mathematical Society (1994).

[14] V. Jurdjevic, “Geometric Control Theory”, Cambridge University Press, (1997).

[15] V.I. Matov “Topological Classification of the Germ of Functions of the Maximum and Minimax Functions of a Family of Functions in General Position”. Uspekhi Mat. Nauk (Russian), Vol. 37, no.4 (1982), pp.167- 168.

[16] M.M. Peixoto, “On the Classification of Flows on 2-Manifolds”, in Dynamical Systems, M.M. Peixoto, ed., Academic Press, New York, 1973, pp. 389-419.

[17] B. Piccoli, “Regular Time–Optimal Syntheses for Smooth Planar Systems,” Rend. Sem Mat. Univ. Padova, Vol.95 (1996), pp. 59-79.

[18] B. Piccoli, “Classifications of Generic Singularities for the Planar Time-Optimal Synthesis”, SIAM J.

Control and Optimization, Vol.34 No.6 (1996), pp. 1914-1946.

[19] B. Piccoli and H.J. Sussmann, “ Regular Synthesis and Sufficiency Conditions for Optimality”, SIAM J.

Control and Optimization, N.39 (2000), pp.359–410.

[20] L.S. Pontryagin, V. Boltianski, R. Gamkrelidze and E. Mitchtchenko, “The Mathematical Theory of Optimal Processes”, John Wiley and Sons, Inc (1961).

[21] H.J. Sussmann, “The structure of time–optimal trajectories for single-input systems in the plane: the general real–analytic case,” SIAM J. Control and Opt., 25 (1987), pp. 868-904.

[22] H.J. Sussmann, “Regular synthesis for time optimal control of single–input real–analytic systems in the plane,” SIAM J. Control and Opt., 25 (1987), pp.1145-1162.

[23] H.J. Sussmann, “Geometry and Optimal Control” in Mathematical Control Theory, Springer–Verlag, New York (1998), pp. 140–198.

[24] E. Trelat “Some properties of the value function and its level sets for affine control systems with quadratic cost.” Journal of Dynamical and Control Systems. Vol.6 (2000), N.4, pp. 511–541.

Acknowledgment

The authors are grateful to V.I. Arnold for suggesting the problem. The authors would like also to thank A.A. Agrachev and A.A. Davydov for helpful discussions.